Subspaces sufficiently near an arbitrary (fixed) subspace of a Hilbert space are shown to be in one-to-one correspondence with operators defined on the given subspace. Specifically, the nearby subspaces can be regarded as the graphs of these operators. This is applied to explicitly define a C°°-atlas of charts for the set of subspaces.
Introduction
Given (real or complex) Hilbert spaces H and K, let J2f(H, K) denote the Banach space of (bounded linear) operators T : H -» K; we write 2^(H) for
S?(H, H). If T e S?(H, K), let G(T) be the graph of T; thus G(T) = {(x,Tx)eH®K:xeH}.
Throughout, H is assumed to be a Hilbert space and we denote inner products by (•,•>■ (Orthogonal) projection onto a (closed linear) subspace M is denoted Pm • By identifying subspaces with projections, we can induce various topologies on the set 'tW(H) of subspaces of H. Let us metrise £? (H) by referring to the norm topology on 5f(H).
The present work concerns the relation of subspaces to a fixed subspace M by taking graphs of operators in £?(M, M1). The identification of H with the Hilbert direct sum M © M1-allows us to view such graphs as subspaces of H. This problem is studied by Halmos in [2] , where only subspaces in "generic position" are considered. We consider the problem more generally, showing that a subspace N is the graph of an operator in 5f(M, M^) if and only if \\Pn -Pm\\ < 1 • Let Te^f(M,M±). Then
where S is the invertible operator in J?(H) defined by Sx = x + TPMx . The theory developed by Longstaff [4, 5] is applicable here. For our purposes, it is more convenient to think of G(T) as the range of the operator 1 + T in &(M, H) defined by (1 + T)x = x + Tx, so we shall write (1 + T)M for G(T).
The main result
Before proceeding to prove our main result, we need a preparatory lemma. (1) \\Pn-Pm\\<1. The definition of stability simplifies to the requirement that a C function g : K -> ^ (//) exists such that #(.4) = M and g (5) is fi-invariant for all Be V; in such a case, it is evident that the pair (g(B), B) is stable for all Be V.
